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In this lecture we review some basic facts from classical differential geometry of curves,
and start considering surfaces; we discuss surfaces in more detail in a future lecture.

1 Curves

A common representation of acurveisthe parametric representation. Parametric representation
is writing the curve as a function of one parameter such that y(¢) : R — R", forn =
2,3,.... However, not every function of this type describe what we intuitively consider a
curve. Example: if the function is constant, it defines a single point.

Intuitively, afunction y(t) describes acurve if

1. the function is continuous,
2. theimage of function y is one-dimensional.

A one dimensional manifold can be defined as follows: for each point x in the domain,
there exists an interval U, around z such that y|U, is one-to-one and continuous.

Thereare some*“ strange” curvesthat formally satisfy the definition above but intuitively are
not really curves, for example, the Hilbert curve and the Snowflake curve. The Hilbert curve
traverses all pointsin asguare. See Figure 1 for thefirst two steps of the recursive construction
of the Hilbert curve, and the curve after several steps.

1.1 C'-Curves

Now, we restrict our concept of curves to “smooth curves’ to avoid such strange curves men-
tioned above. The intuitive definition of a smooth curve is based on the tangents of a curve. A
curve is smooth if you move any two points along a curve towards a common limit position,
and the line connecting these two points converges to a limit direction (tangent), which is the
same no matter how we move the points.

A more convenient definition is based on the parametric representation y(¢) : R — R". A
curve is smooth if

1. Thederivative of the function defining the curve exists,

. . . d
2. Thederivativeis not equal to zero &7 # 0.
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Figure 1: Thefirst step of the recursive construction of a Hilbert Curve.

Although these properties are sufficient, they are not necessary for smoothness. A more accu-
rate definition, also referred to as C''-continuity, is the following:

There exists a choice of parameterization such that the derivative exists and is not equal to
zero for any point of the domain.

. . d d
Unit tangent isatangent of length 1, namely %/ /| %/|.

Examplel. Thisexample showsthat if the derivative vanishes, a differentiable function can
produce an non-smooth curve: y(t) = [t2,¢3]. When plotted, this curve has a corner at the
point where the derivative vanishes (t = 0). See Figure 2.
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Figure2: y(t) = [t2, t3].

Example 2. On the other hand, if the derivative vanishes, the curve till can be smooth:
y(t) = [t3,t?]. In this case, we can change the parameterization so that the derivative does not
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vanish: for s = ¢* the curve becomes y(s) = [s, s]; the derivative 2 = 1, for all values of s, s0
the curve is C'*-continuous.

Example 3. While C!-continuous curves cannot be as strange as the Hilbert curve, they till
may have unpleasant properties. Consider for example y(¢) = [t,t*sin(3)]. Thisisanin-
teresting example of a curve that intersects a line infinitely many times, see Figure 3. Ast
approaches zero, the z-axis is crossed infinitely many times. But because the curve is sand-
wiched between the two parabolas with common tangent at zero, the tangent to the curve still
exists. Infinite number of intersections is bad news computationally, because any curve-curve
intersection algorithm would fail to find all of them in finite time.

Figure 3: y(t) = [t, t*sin(7)].

1.2 (C?-Curves.

These are curves where the first and the second derivative exists. Therefore, a curve is C?-
continuousif C'* and 3" exists for some choice of parameterization.
Geometricaly, if we pick three points, they uniquely define acircle. We saw earlier that if we
bring two points together we get alimit tangent. If we bring three points A, B and C' together,
for a C? curve we get a limit osculating circle with radius R, which is the limit radius of a
circle passing through A, B, and C' asthey are pulled together. R can beinfinite. Curvature
is % by definition.
Clearly, if the three points are on a straight line then R = oo, s0 % — 0.
Curvature aso can be defined defined as the speed of unit tangent rotation.

Unit speed parameterization is a choice of parameterization y(s) such that |dy/ds| = 1.
In this parameterization curvature is |d*y/ds?|.
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2 Surfaces

We define a surface, based on the following representation; y(u,v) : R? — R3. Asitisthe
case for the curves, the geometric shapeif theimage of y(u, v) may be not intuitively a surface:
it can be apoint or acurve.

We want to know how we can distinguish between a curve and a surface given a param-
eterization. For example given y = [fi(u,v), fa(u,v), fs(u,v)]. If fi = fo = f5 thenitis
astraight line. Surfaces are distinguished by the following property: for each point z in the
domain, there exists adisk B; around z, such that y| B; is one-to-one and continuous.

For differentiable parameterizations y(u, v) the property follows from the following suffi-
cient condition for surface C''-continuity:

if y(u, v) is continuously differentiable then 2% x % £ 0.

ou
Thisis also equivalent to saying that the rank of matrix

oy Oy
ou  Ov

isequal to 2.



