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Line equations

n

v

parametric equation:

q(t) = p + vt
t = parameter

p = point on the line

n = unit normal

v = unit vector along

implicit equation:

(n·(q – p)) = 0 

p

if we know n = [nx,ny],  then we can take v to be

v = [ny,-nx], and the other way around.

How about a line segment in parametric form?
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Line equations

Intersecting two lines: 
take one in im plicit form:
the other in param etric: tvpq 22

"#
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If                        is the intersectio n point, it satisfies
both equations.
Plug   parametric into  implic it , solve for  ti :
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Otherwise, the lines are parallel or coincide.
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Plane equations

n

p

implicit equati on :  (q-p,n)=0, exactl y like line in 2D!

q

parametric equation : 2 parameters t1,t2

q(t1,t2) = v1 t1 + v2 t2, where v1 and v2 are  two 
vectors in the plane.
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Plane equations

n

p

implicit equati on :  (q-p,n)=0, exactl y like line in 2D!

q

parametric equation : 2 parameters t1,t2

q(t1,t2) = v1 t1 + v2 t2, where v1 and v2 are  two 
vectors in the plane.
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Plane equations

n

p

implicit equati on :  (q-p,n)=0, exactl y like line in 2D!

q

parametric equation : 2 parameters t1,t2

q(t1,t2) = v1 t1 + v2 t2, where v1 and v2 are  two 
vectors in the plane.

nvv #& 21

also helps in determination of 
point placement



3

! 2001, Denis Zorin

Intersecting a line and a  plane

Same old trick:  use the parametric equation for the 
line, implicit for the plane.

n

p2qi

p1
v
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"#$

)n ·v(

)n·pp(
t

21
i #

#"
Do not forget to check 

for zero in the denominator!
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Transformations

Examples of transformations:

rotationtranslation

scaling shear

)

)



Triangles
¥fundamental modeling primitives

¥area in 2D 

¥information per vertex and interpolation
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how to derive?
sign of area?



Triangles
¥non-orthogonal coordinate system :        

¥ any point represented by (β, γ) :  p = a + γ(c-a) + β(b-a) 

¥barycentric (barycenter = center of mass)

a b

c

pp = (1− ! − " )a + ! b+ " c
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a b

c
! = 0

γ = 1

! = ! 1

! = ! 1 β = 0



Triangles

¥inside/outside/on edge trivial

- inside :  0 < β, γ, 1-γ-β < 1

- on edge : either one of β, γ, 1-γ-β = 0

- on vertex : two of β, γ, 1-γ-β = 0

E.T. 06

a

c

p

p = (1− ! − " )a + ! b+ " c

b
γ = 0

β = 0



Triangles
¥given a point p, how to compute barycentric coords? 

- solve a linear system based on                              
p = a + γ(c-a) + β(b-a)

- or:                        

b

c

AaAb β = Ab/A

E.T. 06

! = Aa/ A

1 ! γ ! β = Ac/Aa Ac

c
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Triangles - 3D

¥same formula holds:

¥normal 

¥area

p = (1− ! − " )a + ! b+ " c

n = (b! a) " (c ! a)

(1/ 2)||n||

! =

n · nb

||n||2
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!! γ =
n · na

||n||2
1 − ! − " =

n · nc

||n||2



Introduction to 
OpenGL



What is OpenGL?

¥ software library that creates an interface to graphics 
hardware

¥ hardware and OS independent

- may use accelerated hardware for rendering

¥ low-level interface

- polygon based rendering

- small number of geometric primitives: pts, lines, polygons

¥ no commands for windowing tasks or user input 

E.T. 06



What can it do?

¥construct shapes from geometric primitive

¥arrange objects in 3d space, select viewing pt

¥calculate colors (lighting/texture/etc)

¥convert objects and color info to pixels 
(rasterization)



¥OpenGL Utility Library ( GLU )

- routines implemented in terms of OpenGL 
commands

- include viewing transformations, 3D models, quadric 
surfaces, etc...

¥OpenGL Utility Toolkit ( GLUT )

- window system independent
- simple windowing+user input facilities for OpenGL

¥X Window System extension ( GLX )

¥Windows extension (WGL)

¥Apple extension (AGL)

Extensions

E.T. 06



OpenGL : A State Machine

¥As a primitive is drawn each vertex is affected by 
current opengl states

¥States stay in effect until changed.

¥All states have a default value

E.T. 06



Types of States

On/Off States 

- glEnable(...), glDisable(...), glIsEnabled(...)
- E.g: GL_POINT_SMOOTH, GL_LINE_STIPPLE, ...

Mode States

- State Values may be one of options
- E.g. glShadeModel(GL_SMOOTH), glShadeModel(GL_FLAT)

- Query by: glGet(GL_SHADE_MODEL)

OpenGL : A State Machine



Types of States(ContÕd)

Value States

- Assign relevant values to states.
- Query values by: glGetBoolean(...), glGetDouble(...), ...
- Set values by , e.g.:

- Color: glColor3f(GLFloat r, GLFloat g GLFloat b)
- Point Size : glPointSize(GLFloat size);
- Line Width : glLineWidth(GLFloat width);

OpenGL : A State Machine

One can save a collection of state variables on an 
attribute stack the pop and restore later

(glPushAttrib(), glPopAttrib())



OpenGL Basics
Commands : 

preÞx ÒglÓ and initial capital letters for each word 

e.g. glClearColor()

Constants:

begin with Ò GL_ Ó , all capital, underscores for word 
separation

e.g. GL_COLOR_BUFFER_BIT
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Replace gl & GL_ with glut & GLUT_ for glut
and with glu & GLU_ for glu       



Basic Command:  

       glVertex*#

¥Same format used in other commands such as: 
glColor*#, glRasterPos*#, glNormal*#

¥Sometimes ÒvÓ added to pass a vector(array)

nr of coords
(2,3 or 4)

type of args : 
i : GLint (integer)
f: GLßoat (ßoat)
d: GLdouble (double)
b: GLbyte (byte)

...

E.T. 06

OpenGL Basics



glBegin(GLenum mode);

glEnd();

OpenGL Primitives
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glVertex3f(0., 0., 0.);
glVertex3f(0., 3., 0.);
glVertex3f(4., 3., 0.); 

....
glVertex3f(5., 2., 0.);
glVertex3f(4., 0., 0.);



OpenGL Primitives

Nota Bene: Con vex v. Conca ve Polygons

OpenGL interprets all lists of vertices as a description of a convex polygon, i.e., a polygon
for which there are no ÒcovesÓor Òpeninsulas.Ó(See Wikip edia for a more rigorous description.)
To draw a concave polygon, one must break the polygon into convex polygons and merge those
polygons together. This processis described Chapter 2 of The OpenGL Red Book. The following
image illustrates examplesof convex and concave polygons:

Convex and Concave Polygons

Vertices

Vertices are speciÞedby using two, three, or four coordinates, (x,y), (x,y,z), and (x,y,z,w), respectively.
For simplicit y, Þrst time students of OpenGL should simply specify everything in terms of two or three
coordinates, omitting the Þnal ÔwÕcoordinate, which will be understood to be Õ1Õfor esoteric reasonsof
projective geometry. Additionally , when two coordinates are speciÞedby the programmer, the ÔzÕcoordinate
is taken to be Ô0.ÕVertex coordinates are interpreted in the coordinate system speciÞedby glOrtho() .

Before mentioning the speciÞcsof specifying vertices, it is worth noting how GL functions such as

11

glBegin(GLenum mode);

glEnd();

OpenGL Primitives

E.T. 06



glBegin(GLenum mode);

glEnd();

OpenGL Primitives

E.T. 06

glColor(....);
glNormal(...);
glTexCoord(...);
...
glVertex(...);

Vertex Attributes

All need to come 
before call to glVertex 
to affect that vertex



OpenGL Polygons
¥Can be complicated and slow to draw 

- vertex arrays
- display lists

¥Òvalid polygonÓ

- simple : edges cannot intersect
- convex : no indentation
- planar : vertices must lie on a plane

¥all non-simple, non-convex, non-planar can be 
described by unions of valid polygons

E.T. 06



OpenGL Polygons
¥Can be complicated and slow to draw 

¥Òvalid polygonÓ

- simple : edges cannot intersect
- convex : no indentation
- planar : vertices must lie on a plane

¥all non-simple, non-convex, non-planar can be 
described by unions of valid polygons

P1

T1

T1
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OpenGL Polygons
¥Can be complicated and slow to draw 

¥Òvalid polygonÓ

- simple : edges cannot intersect
- convex : no indentation
- planar : vertices must lie on a plane

¥all non-simple, non-convex, non-planar can be 
described by unions of valid polygons
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OpenGL Polygons
¥Can be complicated and slow to draw 

¥Òvalid polygonÓ

- simple : edges cannot intersect
- convex : no indentation
- planar : vertices must lie on a plane

¥all non-simple, non-convex, non-planar can be 
described by unions of valid polygons

P1 T1

T2
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Coordinate Systems

Nota Bene: Object Coordinates: Do They Really Exist?

An important concept to master about OpenGL coordinate systems is that in reality, object
coordinates do not exist. Object coordinates become a useful construct when one considers the
transformations and rotations described in section ———————. When one uses the translation,
rotation, and scaling functions in OpenGL, one can think of performing these operations on the
world coordinate system. That is, a rotation of 45 degrees can be thought of as rotating the
world coordinate system by 45 degrees. When performing a series of these transformations, it soon
becomes di! cult to keep track of the location and orientation of this shifted coordinate system.
This is where the concept of object coordinates come in. Object coordinates can be thought of
as the shifted coordinate system while world coordinates correspond to the original, unshifted
coordinate system. When using this di" erentiation, objects can be thought of as being drawn in
the object coordinate system.

The distinctions between these coordinate systems are captured in the following figure:

OpenGL Coordinate Systems

8

¥ Object(Local) Coordinate System

- orientation/alignment of object
- useful in rotations
-                               =                              

 Image: Patrick Mauro 
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(xs,ys)

transformation of 
an object

 opp. transformation 
of its coord system

Object coords donÕt 
change, world 

coordinates change
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transformations and rotations described in section ———————. When one uses the translation,
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OpenGL Coordinate Systems

8

¥ World Coordinate System

- contains scene to be rendered
- may be 2D(like a canvas) or 3D (like a box)

 Image: Patrick Mauro 

E.T. 06

(xs,ys)



Coordinate Systems

Nota Bene: Object Coordinates: Do They Really Exist?

An important concept to master about OpenGL coordinate systems is that in reality, object
coordinates do not exist. Object coordinates become a useful construct when one considers the
transformations and rotations described in section ———————. When one uses the translation,
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The distinctions between these coordinate systems are captured in the following figure:

OpenGL Coordinate Systems

8

¥ Window(Screen) Coordinates

- location on screen, counted in pixels
- (0,0) upper left 
- range given by window size
- mouse coords

 Image: Patrick Mauro 
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OpenGL Rendering Pipeline

E.T. 06

series of processing stages -- not strict but a good guide
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Initial Vertex Data : vertices, polygons, lines
Initial Pixel Data : pixels, images, bitmaps
pixel = smallest visible element the display 
hardware can put on screen
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general purpose data describing geometry/pixels
stores static geometry  + attributes
for current(immediate) or later use
Speed-up 



E.T. 06

curves and surfaces in parametric form
control points + basis functions: compact, easy to 
modify and store

vertex data : spatial coords, normal, tex coords, color

Òpolynomial mappingÓ
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vertices to primitives
transformations  
if texture : compute tex coords and apply transformations
if lighting :  compute using position/normal/light source
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clipping - application speciÞc or view volume
! points : reject/accept
! line/polygon : new vertices, edges
perspective division
viewport and depth operations
culling
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an array in 
sys memory

ÒunpackingÓcorrect format with
 proper nr of 
components

Scaled,
processed,
clamped

Òpixel mapÓ

tex memory

frame buffer
ÒpackingÓ

+ pixel transfer ops
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texture objects - for easy switch if many texture images
Òhigh performance texture memoryÓ - prioritize!
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Òprimitive to 2D imageÓ
if in render mode (as opposed to selection or feedback)
geometric/pixel data => fragments
each fragment is a pixel in the framebuffer

line width, points size, shading taken into account
antialiasing calculations
color, depth values
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modify/delete fragments before anything drawn


 * tests such as depth buffer, fog, stencil, 
alpha, scissor

 * blending/dithering operations

 * logical operations

can all be enabled/disabled
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finally draw onto frame buffer
to be rendered on screen

Frame Buffer =

 color buffer +

 depth buffer +

 stencil buffer +

 accumulation buffer

control each
(draw, clear, read, copy...)

each made of 
ÒbitplanesÓ



Vertices

Primitives

Fragments

Pixels

points, line segments, polygons
with relevant

edge ßag, color and texture 
info per vertex

Each point in an image with 
relevant info such as 
color, depth, texture

in frame buffer - a set of logical 
buffers: color, depth, stencil...

transformations, lighting, 
coloring, tex coords

clipping,culling,
projection 

rasterization

fragment tests 
blending/dithering

Summary

E.T. 06



GLUT Basics

¥Open GL Utilities Toolkit 

¥Basic window and interaction management 

GLUI an option for somewhat more complex user interface)

¥More complicated 3d objects (sim. to glu)

cone, cube, dodecahedron, icosahedron, octahedron, 
sphere,teapot, tetrahedron, torus

E.T. 06



Glut - window management
¥ glutInit(&argc, argv) - initialize GLUT, cmd line args

¥ glutInitDisplayMode(unsigned int mode)

¥ glutInitWindowPosition(x,y)

¥ glutInitWindowSize(w,h)

¥ glutCreateWindow()

GLUT_DOUBLE,
GLUT_DEPTH,
GLUT_RGB,
...



Callbacks => event driven interaction (keyboard, mouse,...)

Idle 
State

Wake 
upEvent

Process
Event

E.T. 06

Why? - OpenGL operations generally 
computationally expensive. Process only 

as necessary



Keyboard events:

¥ glutKeyboardFunc(void (*func)(unsigned char key, int x, int y));

¥ glutSpecialFunc(void (*func)(int key, int x, int y));

Mouse events:

¥ glutMouseFunc(void (*func)(int button, int state, int x, int y));

¥ glutMotionFunc(void (*func)(int x, int y)); 

Timer events:

¥ glutTimerFunc( uint msecs, void (*func)(int value), value));

Reshape events:

¥ glutReshapeFunc(void (*func)(int width, int height));

Idle events:

¥ glutIdleFunc(void (*func)(void));
E.T. 06



¥glutDisplayFunc(void (*func)(void));

¥ Most important

¥ All routines for drawing

¥glutPostRedisplay()

¥glutMainLoop()

¥glutSwapBuffers()



GLU Basics
¥OpenGL Utility Library

¥Can be used for:

- Manipulation of images for use in texturing (image 
scale, automatic mipmapping)

- Transformations ( projection/viewing )
- Polygon tessellation
- Rendering quadrics (spheres,cones, etc. with 

textures, normals, primitives..)
- NURBS (sampling methods, trimming, etc.)
- more error handling



¥code examples

¥2D & 3D Vector Classes

¥template.cpp

¥movingsquare.cpp

E.T. 06


